We construct a non-linear electrodynamics arising from the spontaneous Lorentz symmetry breaking triggered by a non-zero vacuum expectation value of the electromagnetic field strength, instead of the electromagnetic potential. The expansion of the corresponding action in terms of the physical photon excitations is naturally written in terms of generalized permeabilities, in a manner similar to when the polarization is expanded in terms of the susceptibilities when studying non-linear effects in standard optics. The Goldstone theorem is subsequently deduced yielding that the lowest order permeability, been the analogous of the mass matrix in the standard case, has zero modes. These are interpreted as the corresponding Goldstone modes of the model and they are explicitly constructed for the two choices of vacua that the theory admits. Further iterations of the method employed to obtain such theorem yield relationships among the generalized permeabilities. We also state the conditions under which the model induces Lorentz invariance violating corrections to standard linear electrodynamics.
Introduction
Spontaneously Lorentz symmetry breaking (SLSB) has played an important role in the construction of models designed to probe the validity of such symmetry. Indeed, the whole Standard Model Extension (SME) [1, 2] , which is one of the most used frameworks to parameterize Lorentz violating phenomena, is assumed to arise as a consequence of SLSB occurring in a more fundamental string theory [3] . Moreover, in the gravity sector of the SME it has been proved that explicit breaking is inconsistent with the geometry of the curved manifold, encoded in the Bianchi identities [4] . On the other hand SLSB has also been studied as a mechanism to provide a dynamical setting for the gauge principle in field theory [5] . The basic idea is that gauge particles, such as photons, gluons and gravitons would be realized as the Goldstone bosons arising via SLSB from a non-gauge invariant theory [6] .
SLSB requires that non-zero vacuum expectation values (VEV) are generated from tensor fields in such a way that preferred directions are selected in space-time. Most of the cases discussed in the literature consider the Goldstone mode excitations to be associated with the zero eigenvalues of the mass matrix of the problem, as a consequence of the standard interpretation of the Goldstone theorem. This is even the case when SLSB caused by VEV of antisymmetric tensor fields B µν are considered [7] . Here B µν is taken to be the potential for a field strength H αβγ , (i. e. H = dB), which mass matrix is investigated.
In this work we further investigate spontaneous Lorentz symmetry breaking in an effective non-linear electrodynamics (NLED), triggered by a non-zero vacuum expectation value C µν of the field strength F µν , which is provided by the minimum of a potential V (F µν ) arising from a fundamental theory. This model was originally proposed in Ref. [8] , where some particular limits leading to Lorentz invariance violating (LIV) modifications of standard electrodynamics were discussed. Since the theory is gauge invariant, all the excitations are massless, and an alternative interpretation of the Goldstone theorem is required. The resulting Goldstone matrix, exhibiting the zero modes, is no longer a mass matrix but rather a permeability matrix. In this letter we provide a detailed discussion of the corresponding Goldstone theorem, including a general construction of the associated Goldstone modes (GM). A generalization of the procedure to derive such theorem provides new relations among the higher order permeabilities of the model.
The equations in non-linear electrodynamics
We start from a formulation of NLED which is alternative to that of Ref. [9] . It has the advantage of not requiring to invert the non-linear relations that define the fields E, B in terms of D, H. The price one has to pay is that the coupling to the electromagnetic current in the unbroken action appears in a non-local way, since we insist that our initial variable is the field strength F αβ , instead of the potential A ν . Our conventions are the same as in Ref. [10] . The action is [8] ,
which is invariant under the gauge transformations
was introduced by Schwinger in his discussion of magnetic charge, together with the description of different models of electromagnetic sources in QED [11] and satisfies
The equations of motion arising from the action (1) are
The fields X µ play the role of Lagrange multipliers, which lead to the existence of the potential A ν for the field strength, as a consequence of the Bianchi identity provided by the first equation in (2) . The Lagrange multipliers can be eliminated by taking the divergence of the second equation in (2), leading to the non-linear Maxwell equations
Here we have explicitly used current conservation ∂ β J β = 0, which is recovered from Eq.(3). To make contact with the formulation of Ref. [9] we identify P αβ = ∂V (F )/∂F αβ . After the imposition of the Bianchi identity for the field strength in (1) we recover the standard local action
which reproduces the equations of motion (3).
Using the above formulation we now consider the spontaneous symmetry breaking effective theory arising from the action (1), which is obtained by expanding the fields around the non-zero constant field configuration C µν which minimizes the energy. As it was shown in Ref. [8] , starting from the energymomentum tensor obtained from the action (1), such condition is
Next we expand around the minimum setting
which defines the physical photon excitations f αβ . In this way we forbid further redefinitions of the type f αβ +λC αβ , because this would be equivalent to expand around a field configuration which is not the minimum of the potential, thus making the resulting theory unstable. The above expansion leads to the action
where we have dropped infinite constants together with total derivatives (assuming thatX µ goes to zero rapidly enough at infinity) arising from the shift (6) .
The action (7) has the same form of (1), except that the potentialV now is a function of f αβ and C αβ . Nevertheless, the equations of motion are the same as in (2) with the replacements
The Lagrange multipliers can be determined, up to a gauge transformation, from the corresponding equations (2) . Their elimination leads to the final Maxwell equations
where we have introduced the full non-linear permeability Σ αβµν = ∂
2Ṽ
∂f αβ ∂f µν .
The Goldstone theorem in non-linear electrodynamics
Our starting point is the effective potential V (F ), which we assume to arise in an effective low energy theory that is obtained by integrating some degrees of freedom up to certain scale in a more fundamental theory [8] . An stable quantum theory is to be constructed around the minimum of the potential given by C µν . Since the symmetry is broken by the field strength F αβ , instead of the potential A µ , gauge invariance is preserved from the outset. Usually the GM are identified as zero mass excitations, but in this case gauge invariance guarantees that all excitations are massless, which requires an alternative way of identifying and interpreting such modes.
The corresponding incarnation of the Goldstone theorem is obtained by following similar steps as in the case of the linear sigma model, for example. We require the potential V to be invariant under arbitrary infinitesimal active Lorentz transformations generated by G µ α
where the invariance condition leads to
Since this condition is valid for arbitrary F µν , we can take an additional derivative with respect to
Next we evaluate the above equation at the minimum of the potential, which yields
The previous equation split into two cases according to the choice of the vacuum C αβ . There are two families of generators: (i) thoseĜ αβ that leave the vacuum C µν invariant (δĜC µν = 0) and for which (14) is automatically satisfied and (ii) those generatorsG αβ , which do not leave the vacuum invariant ( δGC µν = 0). In the latter case, (14) implies that the matrix
has zero eigenvalues with eigenvectors δGC µν . These are precisely the GM of the theory.
The choice of the vacuum and the identification of the Goldstone modes
The vacuum is given by a constant electromagnetic tensor C µν or equivalently, by a constant electric field e together with a constant magnetic induction b. Those two vectors determine a plane, which can always be reached by adequate passive rotations of the coordinate system. We still have the freedom to perform a passive Lorentz boost in the direction perpendicular to the plane. At this level, two possibilities arise: (1) e and b are not orthogonal and can be made parallel with this boost. (2) e and b are orthogonal and will remain so after the boost. Choosing the plane of e and b as the y − z plane we realize such two cases by taking
respectively. This is the most general parametrization of the vacuum, which was introduced in Ref. [3] , and that can be further characterized by det(C 1 ) = 0 together with det(C 2 ) = 0. Once we have chosen a vacuum, the general strategy to identify the Goldstone modes is presented in the following. We start from an infinitesimal active Lorentz transformation upon an antisymmetric tensor H µν which can be written in matrix form as
Let us denote by G A , A = 1, · · · , 6 a convenient choice of the six independent Lorentz generators, which is adapted to a given vacuum according to the following considerations. We separate the generators G A into two groups: (i) the first one {GÃ,Ã = 1, 2, ..., p}, which includes the linearly independent generators that do not leave the vacuum invariant and (ii) the second one {GÂ,Â = p + 1, 6}, such that GÂ, C = 0. Consequently, we split the indexes (A) into (Ã,Â). The GM ΘÃ are then identified as those linearly independent tensors arising from the transformations GÃ acting on the vacuum, i.e.
The linear independence of the ΘÃ is guaranteed by that of the generators GÃ. It is clear that any linear combination of δÃC is also a GM. A basis {Θ A } for the antisymmetric tensor space is then completed by conveniently choosing the remaining linearly independent modes ΘÂ. We find it convenient to parameterize the action of the Lorentz group upon the vacuum as
where R (Â)(B) = 0. A very compact notation can be achieved by projecting antisymmetric tensor indices K ....µν.... into the basis Θ A = (ΘÃ, ΘÂ), by defining K... (A, B) indices. An important information which will be required in the next Sections is the transformation properties of the chosen basis Θ (A) under the associated Lorentz transformations. Clearly, the transformations δ B Θ (A) are such that
where C B (M) can be readily determined. It will prove convenient to make use of the SU (2) × SU (2) decomposition of the Lorentz group. In terms of the standard generators L a , K a , a = 1, 2, 3 we define G (αa) = L a + αK a , α = ±, which have the following useful properties
The coefficients C (A)
in the modified notation. There is no summation over the repeated index β in the above equations. This will be also the case in some following equations, when the repeated index on the right hand side appears as a single index in the left hand side.
The case of vacuum with det(C) = 0
In this Section we make explicit the above general strategy in the case of the vacuum C 1 , defined in Eq.(16). Using the representation of the Lorentz generators given in Eq.(20) we rewrite
From the commutation relations (20) it is clear that we can choose G +3 , G −3 as the linearly independent generators of the invariance subgroup of the vacuum, which is isomorphic to T (2). This means that we have the identification {Â} = {+3, −3} = {α3, α = ± } and that we have chosen GÂ : G α3 . The remaining four generators GÃ : G αã ,ã = 1, 2, {Ã} = {αã} give rise to the GM. In this case it is convenient to define the GM as the action of a linear combination of generators acting upon the vacuum, according to
in such a way that they reduce to
The remaining two linearly independent members of the basis Θ (A) are chosen to be Θ (γ3) = ω γ G γ3 , where the factor ω γ has been inserted for dimensional reasons and in order to simplify subsequent calculations. Finally, the basis for the antisymmetric tensor space, which include the GM, can be written as
From Eq. (23) we identify the remaining coefficients R (Ã)(B) defined in (18) as
The case of the vacuum with det(C) = 0
This corresponds to the choice C 2 in Eq. (16). Following similar steps as those in the previous Section, we rewrite the vacuum in terms of the generators
where we have introduced the notation
We takê
as the generators that leave the vacuum invariant. In relation with previous notation we are choosing (Â) = (+θ, −θ) = (αθ). The remaining four generators chosen as
which are labeled by the index (Ã) = (+1, −1, +θ, −θ) = (α1, βθ). In this way, the indices (a : 1, 2, 3) of the previous Section are replaced now by (a * : 1,θ,θ). The generatorsĜ αa * satisfy the same properties displayed in Eq. (20) with ǫ 1θθ = +1. In complete analogy with the previous case we define the GM as
The remaining elements of the basis for the antisymmetric space are chosen to be Θ (αθ) = −iLG αθ . The above equations can be summarized as
which are analogous to Eq.(25) in the previous Section. In this way, all properties associated with vacuum C 1 can be translated into the case of vacuum C 2 just by making the substitutions 1 → 1, 2 →θ, 3 →θ, ω α → −iL, provided L = 0. In the case L = 0, i.e. when b = λe, λ 2 = 1, the combinations K 2 + iλL 3 and K 3 − iλL 2 leave the vacuum invariant, while K 2 − iλL 3 , K 3 + iλL 2 , K 1 and L 1 generate four linearly independent GM.
Relations among the permeabilities
As an extension of the procedure used to derive the Goldstone theorem in Section 3, let us observe that by taking additional derivatives with respect to the field strength on the relation (13) and evaluating them in the vacuum, we obtain relations among the generalized permeabilities Σ 
Such relations might be relevant by recalling that the expanded potentialV (f ), together with the full permeability Σ αβµν (f ), can be written in terms of them asṼ
respectively. In fact, taking one additional derivative with respect to the field strength in (13) and evaluating the resulting equation at the minimum leads to
Again, the relation (36) naturally splits into two cases according to the choices R (Â)(B) = 0 and R (Ã)(B) = 0. Let us recall that the coefficients R (A)(B) have been already defined in Eq. (18) and previously evaluated in Eq. (26) for the vacuum C 1 . The projection into the basis Θ (A) produces
respectively. The first of the above equations states that the components Σ
are an invariant tensor under the symmetry subgroup of the vacuum. The second one provides a relation between the components of Σ (6)(Ã)(B)(C) and those of the lower order permeabilities Σ (4)(M)(C) . In particular it says that Σ (6)(Ã)(B)(C) = 0. Taking further additional derivatives in (13) and evaluating the result at the minimum we can generalize the above statements obtaining
Unfortunately the predictive power of the relations (39), (40) is very limited in terms of determining the higher order permeabilities in terms of the lower order ones. As an example of this fact we next illustrate what information can be obtained in the simplest case of Σ (6) related to Σ (4) for the vacuum C 1 . The first condition that Σ (4)(A)(B) is an invariant tensor under the vacuum subgroup is identically satisfied. The remaining condition (38) reduces to
which leads to
respectively. Here we have used the explicit expressions for R (Ã)(B) given in Eq. (26). Let us observe that there is no information about Σ (6)(α3)(β3)(γ3) . It is clear that unveiling higher order relationships will demand cumbersome calculations.
Conditions for the appearance of term f αβ f αβ in NLED induced by spontaneous Lorentz symmetry breaking
Having in mind the possible connection with standard electrodynamics we determine under which conditions the term f αβ f αβ ≡ f 2 appears in the quadratic expansion of the potentialV , for an arbitrary initial potential V which is invariant under active Lorentz transformations. Since V is an scalar, the most general situation is when
where the superscript * denotes the corresponding dual tensor. Taking the first term in the expansion the potential around the minimum from Eq. (34) we identify the quadratic terms as those arising from Σ (4) αβµν f αβ f µν , which can be written as
If we require that the LIV contributions arise only as corrections to standard linear electrodynamics, we can do so by choosing adequate field configurations,
. These conditions will determine two of the fields E i , B i defining f µν in terms of the remaining four independent ones. In the case of the vacuum C 1 we have
Similar conditions are obtained in the case of vacuum C 2 . Nevertheless, in order that such LIV corrections are very small to comply with observations, we need to make sure that e, b >>> |E i |, |B i |, since in this case we are looking at the potential V (f αβ + C αβ ) as an expansion in powers of what we call generically f /C. Preliminary calculations show that the complementary situation, i.e. V considered as a power series in C/f , is obtained when studying the propagation of surface discontinuities in the resulting NLED.
Summary and Conclusions
In this work we study the spontaneous Lorentz symmetry breaking arising in non-linear electrodynamics (NLED), induced by a non-zero vacuum expectation value C µν of the field strength F µν . In this way gauge invariance is maintained from the outset and all excitations are massless. The main point we deal with is the reinterpretation and characterization of the Goldstone theorem in this situation. Since our basic field is F µν we consider a first order formulation of NLED, which is different from the standard Plebanski formulation and has some advantages in this case: the intensity fields (D, H unified in P µν ) are directly given in terms of the field strengths (E, B unified in F µν ), without the need of inverting the non-linear relation F µν = F µν (P αβ ). We start from an action including a Lorentz invariant potential V (F µν ), which we assume to arise from a fundamental theory, having a minimum at F µν = C µν , that defines the vacuum of the model. With this potential, the action S(F µν , X α ) is constructed, which includes Lagrange multipliers X α required to recover the Bianchi identity for the field strength in the final NLED. Under the conditions of constant field configurations, the vacuum of the model is given by the minimum of V . Expanding the fields around the minimum defines the physical excitations contained in f µν = F µν − C µν . Further elimination of the Lagrange multipliers leads to a NLED defined by a Lagrangian L(
The expansion ofV in powers of f µν allows for the introduction of generalized permeabilities Σ (2n) α1β1α2β2.......αnβn , in a manner similar to when the polarization is expanded in terms of the susceptibilities when studying non-linear effects in standard optics [12] .
The imposition of active Lorentz invariance upon the potential V , together with further iterations of the procedure leading to the Goldstone theorem, yields the following properties of the permeabilities: (1) Σ (2) αβ = 0, which is just a consequence of the minimum condition. (2) Σ (4) αβµν has zero modesΘ µν , which are the Goldstone modes of the model, that are generated by the infinitesimal active Lorentz transformations which do not leave the vacuum invariant. This constitutes the statement of the Goldstone theorem in our case. (3) the permeabilities are invariant tensors under the transformations that leave the vacuum invariant. (4) those transformations that do not leave the vacuum invariant impose relations among the permeabilities of order 2n and order 2n + 2. (5) The limit of standard linear electrodynamic can be obtained provided that the symmetry breaking potential satisfies (∂ 2 V /∂G 2 ) C = 0 and after choosing some especial field configurations that determine two components of f αβ in terms of the remaining four independent ones. Also, in order to comply with observations, the vacuum fields e, b must be much larger than the electromagnetic fields under consideration.
Next we identify the Goldstone modes. In the case of the Lorentz group in four dimensions, only two inequivalent vacua exist. Choosing adequate linearly independent Lorentz generators both cases can be deal with in analogous form, provided e 2 = b 2 . We have verified that for any choice of the parameters e and b, which define the vacuum, we have only two generators GÂ that leave the vacuum invariant, thus yielding four Goldstone modes. In this way, the invariant subgroup of the model is always isomorphic to the translation group in two dimensions T (2). This rather limited result arises because we are dealing with a very specific group in four dimensions and after we have considered all possible vacua. The resulting Goldstone modes ΘĀ µν together with the orthogonal pair ΘÂ µν provide a convenient basis to project the antisymmetric spacetime indices µν. We use this representation to explore the relation among the fourth and sixth order permeabilities. Unfortunately the predictive power of such relations is very limited and only a few general constrains can be obtained even in this simple case. The calculations get much more complicated in the case of higher orders.
The discussion of the consequences of the Goldstone theorem and of its generalization, upon the different propagation modes of the model, together with the determination of the observational bounds that can be imposed on the vacuum, certainly deserve further consideration, but are beyond the scope of this letter and will be presented elsewhere.
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